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Abstract—A model of permanent-magnet synchronous machine
(PMSM), including the electromagnetically originated torque rip-
ple, is presented in this paper. This unique representation of such
equivalent circuit is highly critical to understand the torque ripple
content and to develop an appropriate mitigation scheme for low
torque ripple applications requiring four quadrant operations.
This research proposes a method to quantify the various sources
of torque ripple and modifies the existing dq-model to enhance
the modeling capabilities for both surface-mount and interior
PMSMs. Finite-element (FE) analysis is used for modeling vari-
ous PMSMs to verify the lumped circuit model proposed in this
research. The theoretical results obtained from analytical and FE
analysis are validated using experimental test.

Index Terms—Electric machines, finite-element (FE) methods,
modeling, permanent-magnet (PM) motor, torque control.

I. INTRODUCTION

THE high power density and low torque ripple charac-
teristics of the permanent-magnet synchronous machine

(PMSM) makes it an ideal candidate for high-performance
applications. The interior PM (IPM) synchronous machines
are getting more attention for better PM material utilization
relative to the surface mount PM (SPM) machines [1]. IPM
machines typically use cheaper rectangular magnets inserted
inside the rotor core, which improves magnet retention and
manufacturing yields [2]. The torque production mechanism
in an IPM is a combination of the reaction torque generated
by the interaction between the PMs mounted on the rotor and
the stator mmf and the reluctance torque produced due to the
saliency between direct and quadrature axis in contrast SPM
motors that only have the reaction torque. Generally, due to
the simple rectangular magnet shape and use of concentrated
winding, the torque ripple developed in an IPM is higher. In
order to minimize the sources by design or to develop an active
cancellation of torque ripple, it is important to understand the
behavior and quantify the sources of torque ripple. In this paper,
the existing dq-model [3]–[5] will be augmented to provide
additional capabilities for predicting the performance of PM
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motors, including IPM motors using the analytical model.
Rojas et al. [6] presented an analytical torque computation
based on an energy approach, including the torque ripple
harmonic components. Reducing of the torque ripple using
different methods is discussed in [7]–[12]. These methods lack
modeling of the torque ripple components.

This paper focuses on modeling and quantifying the source
of torque ripple as part of the dq-model of PMSM. Finite-
element (FE) analysis tool is used to study and quantify the
sources of torque ripple contents. These sources are identified
as due to the interaction of the PM’s originated flux density
and the rotor saliency with the mmf resulted due to the space
distribution of the winding in the stator. The effect of each
source is separately identified and modeled as a voltage source
added to the existing dq-model of PMSM. Each added element
in the enhanced dq-model is derived and validated by extensive
FE simulation, which is later validated by experimental tests.

II. MODELING OF PMSMs

A. Basic dq-Model of PMSM

The dynamic model of a PMSM in the dq-reference frame is
given by (1)–(5) [3]–[5]
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where K is the Park’s transformation matrix, Vabc is the phase
voltage, iabc is the phase current, R is the resistance of the ma-
chine, Lq and Ld are the q- and d-axis inductances, respectively.
iq , id, Vq , and Vd are the q- and d-axis currents and voltages,
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respectively. Kqm0 is the motor back EMF constant, whereas
wm and we are the mechanical and electrical motor speeds,
respectively. Te is the developed electromagnetic torque, and
P is the number of poles of the machine.

B. Enhanced dq-Model of PMSM Including Torque Ripple

The dynamic model of a PMSM described in the aforemen-
tioned section is modified to include the torque ripple contents.
The developed electromagnetic torque and ripple contribution
due to the interaction between the flux density produced by the
PMs on the rotor and the mmf produced by current-carrying
windings distributed in space of the stator can be modeled in
two steps, namely, reaction and reluctance parts, respectively. In
IPM rotor configuration, both reaction and reluctance portions
can be modeled as follows:

i) Interaction of Airgap Flux Density and Stator MMF
The torque developed due to the interaction between

airgap flux density produced by the PMs and applied
current can be expressed as given in

Tm =
3

2
(IqKqm0 + IqKqm + IdKdm) (7)

where

Kqm =

∞∑
n=6

Kqmn cos(nθ + αqmn) (8)

Kdm =
∞∑

n=6

Kdmn cos(nθ + αdmn) (9)

where n = 6, 12, and 18; Kqm0 is the average torque
constant; Kxm6, Kxm12, and Kxm18 are the amplitudes
of 6th-, 12th-, and 18th-order components of motor torque
constants; and αxw6, αxw12, and αxw18 are the phase
shifts of the 6th-, 12th-, and 18th-order harmonics of the
motor torque constants; and x denotes q- or d-axis; and m
is the magnet contribution. Note that (7)–(9) are adequate
to express torque and ripple contents for SPM motors.

ii) Interaction of Saliency of the Rotor and Stator MMF
Both q-axis and d-axis currents contribute into the de-

veloped torque due to the interaction between the saliency
of the rotor and stator mmf, as expressed by (10). The
torque ripple components in dq-reference frame can be
expressed as

Tw =
3

2
(IqKqw + IdKdw) (10)

Kqw =

∞∑
n=6

Kqwn cos(nθ + αqwn + β), n = 6, 12, 18, etc.

(11)

Kdw =

∞∑
n=6

Kdwn cos(nθ + αdwn + β), n = 6, 12, 18, etc.

(12)

Fig. 1. Enhanced equivalent circuit of PMSM. (a) q-axis circuit. (b) d-axis
circuit.

where Kqw and Kdw are the q- and d-axes time varying
motor torque values; Kqw6, Kqw12, and Kqw18 are the
amplitudes; and αqw6, αqw12, and αqw18 are the phase
shifts of the 6th-, 12th-, and 18th(nth)-order harmonics
of the motor torque constant in the q-axis; whereas Kdw6,
Kdw12, and Kdw18 are the amplitudes; and αdw6, αdw12,
and αdw18 are the phase shifts of 6th-, 12th-, and 18th-
order harmonics of the motor torque constant in the d-axis
due to rotor saliency and stator winding space distribution.
β is the phase angle of the applied current with respect to
q-axis.

Equation (13) represents the enhanced dq-model of the
PMSM, which is also shown in Fig. 1 as the lumped
circuit model, where Cqwn and Cdwn are the motor torque
constants due to rotor saliency and stator winding space
distribution. The total torque, including the torque ripple
due to the airgap flux density produced by PMs, stator
winding space distribution, rotor saliency and current, the
cogging torque is expressed by (14). The inclusion of
the additional terms in (13) and (14) compared with the
model expressed in (4) uniquely brings completeness to
the existing model in predicting torque ripple mechanism
in PMSMs. The model is generally applicable to both
SPM and IPM motor configurations
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iqcog can be obtained by measuring the cogging torque
of the test motor Tcog and using (15), where Kmq0 is the
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Fig. 2. Space harmonic distribution of 27-slot and 9-slot 6-pole IPMSM.

average back EMF constant

iqcog =
2

3
Tcog/Kqm0. (15)

iii) Effect of Stator Slot on MMF Distribution
The space distribution of the winding depends on the

number of slots. It is impossible to distribute the winding
in sinusoidal fashion using a finite number of slots. The
constants Kqwn and Kdwn are a function of the n± 1th
stator mmf space distribution and the rotor saliency. Fig. 2
shows the space harmonics in the mmf distribution of a
9-slot-6-pole and 27-slot-6-pole PMSM. The magnitude of
the space harmonics distribution of the 27-slot 6-pole de-
sign is lower than the 9-slot 6-pole. Therefore, the 27-slot-
6-pole has less torque ripple produced for the same rotor
saliency due to the reduction in the space distribution
harmonics, as shown in Fig. 2. A 9-slot 6-pole SPM
has lower torque ripple than a 9-slot-6-pole IPM due to
the insignificant rotor saliency in SPM. The mmf space
distribution of a 27-slot 6-pole and 9-slot 6-pole PMSM
can be computed using the (16) for a pure sinusoidal
current through the conductors. However, the coefficient
bn is different between the two motor topologies

F =

⎧⎪⎨
⎪⎩

− 3
2IpN

∑∞
n=1 bn cos(wt+ nθ), for n = 3k + 1;

k = 0, 1, 2, 3, . . .
3
2IpN

∑∞
n=1 bn cos(wt− nθ), for n = 3k − 1;

k = 1, 2, 3, . . .
(16)

where F is the total mmf, Ip is the peak current, and N is
the number of turns.

For a 27-slot 6-pole machine, the value of bn can be
written as

bn=
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Similarly, for a 9-slot 6-pole machine, the value of bn is
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{
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4
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otherwise. (18)

Equations (17) and (18) are developed assuming point
conductors placed at the center of the stator slot opening.
In reality, it can be assumed that the conductors are
distributed in the stator slot opening. This distribution

Fig. 3. Winding and circuit configuration to simulate electromagnetic torque
simulation.

reduces the harmonics in the mmf distribution. For ex-
ample, in the case of 27-slot 6-pole machine, the real
value of the 17th- and 19th-order harmonics will be lower.
Similarly for a 9-slot 6-pole machine, the 5th- and 7th-,
and 17th- and 19th-order harmonics will be reduced due
to the conductor distribution in the stator slot opening.

III. FE MODELING OF PMSM

A 9-slot 6-pole three-phase IPMSM shown in Fig. 3 is used
during this research. The winding of each phase has three
parallel paths. A 2-D FE model is developed and used for the
analysis to calculate the open-circuit voltage and to evaluate the
electromagnetic torque when excited with balanced three-phase
currents, whereas the motor is running at a constant speed. In
order to separate the torque ripple due to the rotor magnet and
the rotor saliency, the electromagnetic torque is calculated with
the magnet remanence Br set to zero and with the Br set to the
actual value. This approach is done to study the effect of magnet
and saliency issues separately on the torque ripple and to create
an equivalent circuit model.

A. Open-Circuit Test

The open-circuit simulation is done at 1000 r/min mechan-
ical, with the terminals of the motor disconnected from the
source. The flux linkage through each phase is captured and
is used to calculate the induced voltage. The instantaneous
value of the motor back EMF constants Keph of each phase
is calculated by dividing the induced voltage (vind) by the
motor speed (ωm) as given in (19). These per phase motor back
EMF constants in abc-frame are transformed into dq-axis using
Park’s transformation. Fig. 4 shows the harmonic contents of
the motor back EMF constant in the abc- and dq-reference
frame

Keph =
vind
ωm

. (19)

B. Electromagnetic Torque Simulation Without
Magnet (Br = 0)

This simulation is performed setting the magnet Br to zero to
study the torque ripple effect due to the interaction of winding
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Fig. 4. Back EMF motor constant. (a) abc-frame. (b) dq-axis.

space distribution with the rotor saliency, whereas the motor
is fed by balanced sinusoidal currents. The simulation is done
at various current magnitudes and phases. The first set of
simulations involves a peak current of 25, 50, 75, 100, 125, and
133 A and zero phase shift with respect to the back EMF. In this
particular scenario, we will vary the current in q-axis, whereas
the current in d-axis is zero. Developed electromagnetic torque
is captured from the FE simulation under these conditions. The
peak value of the motor constant Kqw6 in q-axis is calculated
from the torque and applied q-axis current. Fig. 5 shows the
peak of sixth-order torque ripple and peak of sixth-order motor
constant Kqw6. The sixth-order peak value of the motor con-
stant Kqw6 is linearly proportional to the applied q-axis current.
Therefore, the sixth-order peak motor constant Kqw6 and peak
torque ripple Tqw6 as a function of q-axis current (iq) can be
written as

Kqw6 = cq6iq (20)

Tqw6 =
3

2
cq6i

2
q. (21)

The d-axis current effect can be studied similar to the q-axis
current for the following peak currents of 25, 50, 75, 100, 125,
and 133 A, whereas the current phase angle is shifted to 90◦.
In this particular scenario, we will vary the current in d-axis,
whereas the current in q-axis is zero. The peak value of the
motor constant Kdw6 is calculated from the developed torque
and d-axis current. Fig. 6 shows the sixth-order harmonic peak
torque ripple and sixth-order harmonic peak motor constant
Kdw6. The peak value of motor constant Kdw6 is linearly
proportional to the applied d-axis current id. Therefore, the
sixth-order peak motor constant Kdw6 and peak torque ripple
Tdw6 as a function of the d-axis current id can be written as

Kdw6 = cd6id (22)

Tdw6 =
3

2
cd6i

2
d. (23)

Fig. 5. (a) Developed electromagnetic torque by varying q-axis current and
Id = 0 A. (b) Sixth-order torque ripple magnitude. (c) Sixth-order motor
constant magnitude.

In both conditions, the average developed electromagnetic
torque is zero. A similar approach can be used to derive the
relationship between the 12th-order torque ripple and applied
current. In general, the nth order (where n = 6, 12, 18, etc.)
torque ripple and motor torque constants can be expressed as

Kqwn = cqniq (24)

Tqwn =
3

2
cqni

2
q (25)

Kdwn = cdnid (26)

Tqwn =
3

2
cdni

2
d. (27)

In Figs. 5(a) and 6(a), the phase of the torque ripple is shifted
by 180◦ as seen in the plots when the applied current waveform
is shifted by 90◦. This phase reversal is due to the torque and
current relation as defined by a square function. The phase shift
is independent of the peak current magnitude.

C. Electromagnetic Torque Simulation With PMs (Br �= 0)

The combined effect of flux density produced by PMs, rotor
saliency, and the winding space distribution on the developed
torque is studied by placing the PMs on the rotor and running
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Fig. 6. (a) Developed electromagnetic torque by varying d-axis current and
Iq = 0 A. (b) Sixth-order torque ripple magnitude. (c) Sixth-order motor
constant magnitude.

Fig. 7. (a) Electromagnetic torque. (b) Sixth-order torque ripple magnitude as
a function if iq .

the simulation at various phase current magnitudes and phases.
The same set of simulation parameters as used in the previous
section is repeated here. The results of the simulation are shown
in Figs. 7 and 8.

Fig. 8. (a) Electromagnetic torque. (b) Sixth-order torque ripple magnitude as
a function of id.

Fig. 9. Sixth harmonic peak torque ripple due to PM and iq .

The effect introduced by the PM on the developed torque rip-
ple can be deduced by vector subtraction of the results obtained
from the torque simulation using with and without magnets.
Fig. 9 shows the peak of the sixth-order torque ripple developed
due to the interaction of the phase current and the PMs. A
linearly increasing sixth-order peak torque ripple is observed as
a function of the q-axis current, as shown in Fig. 9. This result
shows that the motor constant Kqm6 is a constant value, which
is the same as found during the open-circuit simulation of back
EMF constant (Kqm6 = 0.000505 V · s/rad). The phase shift
of the sixth-order torque ripple remains unchanged as a function
of the q-axis current. The interaction of direct axis current and
the PM have negligible effect for this particular design.

IV. SIMULATION AND EXPERIMENTAL RESULTS

A. Simulation Results of 9-Slot 6-Pole IPMSM

The proposed enhanced dynamic dq-model that includes the
effect of torque ripple is implemented in MATLAB/Simulink.
The PM is unmagnetized (Br = 0) in this model. The simula-
tion is setup to run at constant peak current (75 A) with varying
phase angles from 0◦ to 90◦ with respect to the q-axis. The
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Fig. 10. (a) Applied q- and d-axes currents. (b) Simulation result of dq-model
and FE analysis (torque developed). (c) Zoomed portion of Fig. 10(b).

same simulation parameters are used in the FE analysis. The
result of the simulation is shown in Fig. 10. Fig. 10(b) shows the
effect of the applied currents (q- and d-axis currents). Fig. 10(c)
shows simulated torque of the dq-model and FE analysis at
Iq = 66.8 A and Id = 34 A. The simulation results of the
proposed dq-model and the FE analysis shows good agreement
for all combination of q- and d-axis current shown in Fig. 10(a).

B. Experimental Result of 9-Slot 6 Pole IPMSM

A 9-slot 6-pole three-phase IPMSM shown in Fig. 3 is built
and tested. Some of the test conditions previously described
during the model development has been tested to validate the
modeling of the torque ripple. Torque ripple tests at different
phase currents are performed. First, the motor was tested at
25, 50, 75, 100, 125, −25, −50, −75, −100, and −125 A,
respectively with a phase angle of zero with respect to the
q-axis. This particular setup forces iq only while the d-axis
current Id is zero. Fig. 11 shows the effect of q-axis current on
the developed peak torque ripple and phase. The torque ripple

Fig. 11. (a) Sixth-order peak torque ripple due to Iq . (b) Phase of sixth-order
torque ripple due to Iq .

magnitude depends on the magnitude of q-axis current only, as
shown in Fig. 11(a). However, the torque ripple phase shift is a
function of both magnitude and polarity of the q-axis current, as
shown in Fig. 11(b). This effect can be explained using (25) and
(26). The winding space distribution torque ripple component is
independent of q-axis current polarity, as shown in (21). Hence,
the phase of the reluctance ripple does not change with the
polarity of the iq current. On the other hand, the phase of the
torque ripple component due to the PM shifts by 180◦ when
the q-axis current polarity changes from positive to negative, as
expressed in (9). This understanding is important for successful
implementation of active torque ripple cancellation, whereas
the drive undergoes four quadrant operations.

C. Test Procedure for Computing Equivalent
Circuit Coefficients

The coefficients that depend on the airgap flux density (effect
of the back EMF) can be obtained by performing an “open-
circuit test” and measuring the voltage at the terminal of the
motor and the speed of the motor, and use (19) to calculate the
instantaneous value of the back EMF constant. This back EMF
constant has all the harmonic contents needed for the equiv-
alent circuit. This approach does not depend on the different
slot–pole combination.

The components due to the interaction of the rotor saliency
and winding space distribution are obtained by performing
loaded condition test. A known Iq current keeping Id = 0 or
a known Id current keeping Iq = 0 is applied and the torque
ripple of the test is measured. The torque ripple contribution of
the interaction between the rotor saliency and the winding space
distribution is the vector subtraction of the measured torque
ripple and the torque ripple due to the back EMF harmonics
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TABLE I
TEST MOTOR SPECIFICATION

and cogging torque of the test motor. This approach does not
depend on the different slot–pole combination.

V. CONCLUSION

An enhanced dq-model for a PMSM capable of predicting
average and ripple component of torque has been presented
in this paper. A detailed analysis based on FE simulation has
been presented. Simulation results obtained from FE analysis
are used to calculate the model parameters. An actual motor is
built to perform experimental tests to correlate the theoretical
findings. The proposed model is unique in terms of predicting
motor performances, including torque ripple. The understand-
ing of torque ripple mechanism will further help to develop
proper torque ripple mitigation schemes for such drives. The
saturation effects were neglected in this study, which might
affect the accuracy of the torque ripple depending on the design
of the machine.

APPENDIX

See Table I.
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